Abstract-This paper investigates the observer design problem of nonlinear impulsive systems with impact perturbation. By using the concept of normal form, this paper proposes a finite time observer, which guarantees the finite time convergence independent of the impact perturbations. Reduced order observer is developed as well for the proposed normal form. An illustrative example is given in order to show the feasibility of the proposed method.
I. INTRODUCTION
Impulsive systems are widely studied in chemical, engineering, and biological fields [11] , since it involves the discontinuous changes at variable times. Moreover, from the theoretical point of view, certain non smooth dynamical systems [4] and sampled-data systems [15] , [14] can be treated as well from an impulsive systems point of view.
Fundamental problems for impulsive systems, such as observability, reachability and controllability, have been widely investigated for different types of impulsive systems [11] , [17] , [12] . [5] proved that, in the constant-coefficient case for linear impulsive systems, the concepts of observability/reachability and controllability are equivalent to those of linear time-invariant systems. [7] developed controllability and observability results for linear impulsive systems where the control is available for the continuous-time dynamics only at impact time and the impulsive effects are limited to scalings of the state. For the same type of linear impulsive system, [16] used a geometric framework to generalize the results of [7] .
In this paper, we study observer design for nonlinear impulsive systems with impact perturbation. This work can be seen as an extension of our previous work [19] for linear impulsive systems. The basic idea is to couple two Luenberger observers to form a finite time observer whose convergence duration is not dependent of the persistent perturbation at each impact time, and can be fixed a priori.
In order to extend the proposed coupled Luenberger observer to nonlinear impulsive systems, we adopt the concept of normal form to analyze the studied system. Generally speaking, normal form represents a class of systems possessing the same properties, such as stability, controllability and so on. Using normal form to study observability and observer design can be found in [9] , [10] , [8] , [6] , [2] , [1] , [3] , [20] , [21] , [18] . The basic idea is to seek a diffeomorphism transforming a class of systems into a common and simple normal form, for which the observability or observer design problem has been already solved. Then, by the inverse of the deduced diffeomorphism, the observability or observer design problem is solved as well for each system belonged to this class of systems. This paper is organized as follows. Notations and problem statement are given in Section II. Section III gives a normal form with necessary and sufficient conditions to transform a general nonlinear impulsive systems into such a normal form. The corresponding full order observer and reduced order observer are proposed in Section IV and Section V, respectively. SectionVI is devoted to highlighting the feasibility of the proposed method through an illustrative example.
II. NOTATIONS AND PROBLEM STATEMENT
Consider the following nonlinear impulsive system with persistently impact perturbation:
with ξ ∈ R n , u ∈ R p and y ∈ R respectively represent the states, the admissible control input and output; f :
The left and right value at impulse time t k are defined as usual:
, which implies that the solution of (1) is left continuous at t k . Denote τ min = inf k∈Z + {t k − t k−1 } and τ max = sup k∈Z + {t k − t k−1 }. Moreover, it is assumed in this paper that (1) without impulse is observable, i.e. the 1-forms θ i = dL
Since in the studied system (1) the disturbance is periodically present, thus conventional stability definition, such as asymptotical one, is not suitable anymore. This motivates to generalize the conventional definitions for the impulsive systems with impact uncertainty.
For
) the solution of (1) from t k−1 under the initial condition x(t k−1 ), then we have the following definition for (1) .
The following dynamics
is an exponential observer if, for each interval [t k−1 , t k ) with k ∈ Z + , the following inequality is satisfied
where a and b being positive constant. It is a finite time observer for (1) if, for each interval
The above generalized definitions, compared to conventional ones, locally characterize the properties of the studied system, i.e. for each interval [t k−1 , t k ) with k ∈ Z + . Global properties cannot be characterized because of the periodic presence of the impulse uncertainty.
Roughly speaking, one can design an asymptotical observer for (1), however, because of the unknown perturbatioñ Γ p in (1), the convergence speed of asymptotical observer for each time interval [t k−1 , t k ) depends onΓ p . Thus it might be difficult to tune the convergence speed.
In [19] , a finite time observer is proposed to treat this problem for linear impulsive systems with persistently acting impact, which estimates the states of (1) in a predefined small interval for each [t k−1 , t k ), k ∈ Z + , even ifΓ p is unknown. This paper extends the result to deal with nonlinear impulsive systems with impact perturbation.
III. TRANSFORMATION TO NORMAL FORM
By using the concept of normal form, this section is devoted to presenting a normal form for which an observer is proposed, and then deducing necessary and sufficient conditions under which (1) can be transformed into this normal form.
As it is assumed that (1) without impulse is observable, thus let τ 1 be the vector field uniquely determined by the following equation:
and by induction one constructs the family of vector fields as follows:
It is obvious that Ξ is invertible, thus we denote
Finally we have the following theorem.
There exists a diffeomorphism x = φ(ξ) which transforms nonlinear impulsive system (1) into the following one:
where
if and only if one of the following conditions is fulfilled:
Proof: Necessity: If (1) can be transformed into (3) through a diffeomorphism x = φ(ξ), then one has
Sufficiency:
and as ω is an isomorphism, then one has the following equivalence:
which implies the equivalence between the first condition and the second condition of Theorem III. In addition, according to Poincaré theorem, there exists locally a diffeomorphism
Consequently, by integration one has
therefore, one obtainṡ
According to the definition of ω in (2), one has
which shows that x n = φ n (ξ) = h (ξ), thus one has y = Cx with C = (0, · · · , 0, 1). Finally, with the deduced diffeomorphism x = φ(ξ), when t = t k it is easy to check that
where γ and Γ p are given in Theorem III. Consequently, we proved that system (1) can be transformed into (3) through the diffeomorphism x = φ (ξ) if and only if one of conditions in Theorem III is satisfied. Theorem III gives necessary and sufficient conditions to guarantee the equivalence between the nonlinear impulsive systems (1) and the proposed normal form (3). Because of this equivalence, instead of designing observers for (1) directly, the following sections focus to synthesize full order and reduced order finite time observers for (3).
IV. FULL ORDER FINITE TIME OBSERVER
Since it is assumed that (1) is observable, if Theorem III is satisfied, then (1) is equivalent to (3) via a diffeomorphism, thus the pair (A, C) in (3) is observable as well. Hence one can always find two different vectors K 1 and K 2 , such that
is Hurwitz for 1 ≤ i ≤ 2. For a predefined small positive constant σ ∈ (0, τ min ), it is obvious that one can always find two different Hurwitz matrices P 1 and P 2 defined in (5), such that the matrix (I n×n − e P2σ e −P1σ ) is well-posed, thus is invertible. Hence the following matrix
is well-defined. Then we are ready to state the following theorem. Suppose that Theorem III is satisfied. For a predefined positive constant σ ∈ (0, τ min ), let K i for 1 ≤ i ≤ 2 be two different vectors such that P i in (5) is Hurwitz, and Λ defined in (6) is well-defined. Then the following coupled impulsive dynamics
for 1 ≤ i ≤ 2, is a finite time observer for (3), and z i converges to x in predefined finite time σ. Moreover,ξ = φ −1 (z i ) converges to ξ in predefined finite time σ as well. Proof: The proof is similar to that of [13] for linear system without impulse.
For a predefined σ ∈ (0, τ min ), one has t k−1 +σ < t k . When k = 1, (3) and (7) yielḋ
Multiplying (8) by Λ defined in (6) gives
The above equality, combined with (7), yields
which implies the exact estimation of x in predefined finite time σ. (7) is equivalent to (1), thus one has
which can be seen again that (7) has the same initial condition z i (t + 1 ) for the two coupled systems. By induction, for any k ∈ Z + and the corresponding time interval [t k−1 , t k ), one has
and this proved Theorem IV.
The validity of Theorem IV depends on the well-posed matrix (I n×n − e P2σ e −P1σ ). Thus the predefined finite time σ cannot be too close to zero, otherwise, this matrix becomes ill-posed. For a fixed σ, if the real part of eigenvalues of P 1 and P 2 is more negative, and at the same time the distance of the real part of eigenvalues between P 1 and P 2 is larger, then this matrix (I n×n − e P2σ e −P1σ ) is more well-posed.
V. REDUCED ORDER FINITE TIME OBSERVER
Reconsider the proposed normal form (3), it can be decomposed into the following form
where x 1 ∈ R n−1 and x 2 ∈ R are the decomposed state
A 21 = 1 and A 22 = A 12 = 0, are the corresponding decomposed matrices with appropriate dimension. Let remark that (A, C) in (3) is observable implies that (A 11 , A 21 ) in (9) is observable. Thus, similarly to full order observer design for (3), one can also find two different vectors K 1 and K 2 , such that
is Hurwitz for 1 ≤ i ≤ 2.
Following the same argument as that for full order observer design, for a predefined small positive constant σ ∈ (0, τ min ), one can also find two different Hurwitz matrices Q 1 and Q 2 defined in (10) , such that the matrix (I n×n − e Q2σ e −Q1σ ) is well-posed. Denote Ω = (I n×n − e Q2σ e −Q1σ ) −1 (−e Q2σ e −Q1σ , I n×n ) (11) then one can state the following result. For a predefined positive constant σ ∈ (0, τ min ), let K i for 1 ≤ i ≤ 2 be two different vectors such that Q i in (10) is Hurwitz, and Ω in (11) is well-defined. Then the following coupled impulsive dynamics
with initial conditions satisfying
, is a finite time reduced observer for (9) , and z i converges to x 1 in predefined finite time σ.
Proof: Similarly to the proof of Theorem IV, denote i = z i − x 1 for 1 ≤ i ≤ 2. According to (12) , for t = t k−1 + σ where σ ∈ (0, τ min ) is a predefined constant, one obtainṡ
and this, combined with (9), yields the following dynamicṡ i (t) = Q i i (t), for t = t k−1 + σ When k = 1, the above equality implies
Since (13) by Ω defined in (11) gives
From the impulsive dynamics of ω i in (12), one obtains
and the rest is similar to the proof of Theorem IV.
VI. ILLUSTRATIVE EXAMPLE In order to highlight the proposed finite time observers, let study the following systems which is already in the form of (3):
where x 1 and x 2 represent states; u is the control input. In this paper, we set t k − t k1 = 5s for k ∈ Z + , γ ∈ (−1, 0] and Γ p (t) is the impact uncertainties.
By choosing K 1 = [4, 4] T and K 2 = [100, 20] T , one has P 1 and P 2 Hurtiwz. Set σ = 0.8s, i.e. estimate the states of (14) for each [t k−1 , t k ) at the finite time σ = 0.8s. Thus, one can design a full order finite time observer for (14) of the form (7) . In the simulation, we set γ = −0.8 and the element of Γ p (t k ) belongs to the interval (−0.4, 0.4); u = y r − 100(x 1 −ẏ r ) − 20(x 2 − y r ) with y r = |sin(π/5t)| for i ∈ {1, 2}. The results of simulations are illustrated in Fig.  1 and 2. VII. CONCLUSION Due to the existence of impact perturbation of nonlinear impulsive systems, the convergence duration of traditional observer highly depends on the initial condition and periodic impact perturbations , thus cannot perform well. This paper extended our previous work in [19] to treat the nonlinear case, and proposed a finite time observer, which estimates the states of the studied systems in a predefined small interval, even if the acting impact is persistent. 
